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Abstract 

We describe traveling waves in a basic model for three-dimensional water-wave dynamics 
in the weakly nonlinear long-wave regime. Small solutions that are periodic in the direction 
of translation (or orthogonal to it) form an infinite-dimensional family. We characterize these 
solutions through spatial dynamics, by reducing a linearly ill-posed mixed-type initial-value 
problem to a center manifold of infinite dimension and codimension. A unique global solution 
exists for arbitrary small initial data for the two-component bottom velocity, specified along 
a single line in the direction of translation (or orthogonal to it). A dispersive, nonlocal, 
nonlinear wave equation governs the spatial evolution of bottom velocity. 

2000 Mathematics Subject Classification: 76B15, 35Q35, 35M10. 
Abbreviated title: Traveling waves in a model of water-wave dynamics 

1 Introduction 

To describe steadily propagating nonlinear gravity waves on the free surface of a three- 
dimensional ideal fluid, it seems natural to seek shapes with simple symmetry, e.g., doubly 
periodic, or localized, say. Hammack et al. |^ have expressed a belief that periodic water 
waves may tend to form hexagonal patterns. They have produced such waves experimen- 
tally, and have described such patterns using theta-function solutions of the Kadomtsev- 
Petviashvili equation, which models long waves of moderate amplitude propagating mainly 
in one direction with weak transverse variation. As Craig and NichoUs have recently 
pointed out, however, in the exact water wave equations, the question of existence of doubly 
periodic gravity waves exhibits the problem of small divisors, and remains open. 

In this paper we aim to develop an approach to describing steady water waves through 
spatial dynamics, relaxing the assumption of periodicity in two directions. We consider 
a basic isotropic model for waves in shallow water that shares some crucial features with 
the exact water wave equations. For this model we are able to describe all small waves that 
translate steadily with supercritical speed and that are periodic in the direction of translation 
(or orthogonal to it). There is in fact a host of such waves — they form an infinite-dimensional 
family. The family may be parametrized by the bottom-velocity profile along any single 
line in the direction of translation (or orthogonal to it). Fixing a supercritical wave speed 
(meaning, in dimensional terms, a speed greater than \/gh, where g is the acceleration of 
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gravity and h the undisturbed fluid depth) , for an arbitrary bottom- velocity profile small in 
a suitable Sobolev space, there corresponds a unique globally defined traveling wave. 

Simpler models of water waves exhibit the same phenomenon, as was discussed in 
The simplest is the linear wave equation for the surface elevation ry, given in nondimensional 
form by rjtt = rj^x + Vyy One can find many traveling-wave solutions rj — f[x — ct,y) 
translating with supercritical speed |c| > 1, by solving the wave equation fyy = (c^ — l)/^^ 
with given arbitrary initial data for the wave slope along the single line y = for 

example. The fact that |c| > 1 does not violate Huyghens' principle; these solutions are 
simply superpositions of two "scissoring" one-dimensional wave trains that propagate with 
unit speed in directions oblique to the x-axis. 

Two other simple models considered in Q were: (i) the exact linearized water wave 
equations for an inviscid irrotational fluid without surface tension; and (ii) the Kadomtsev- 
Petviashvili equation in the KP-II case. In each case, arbitrary small data for wave slope 
along a line determine a unique traveling wave with given supercritical speed. For the exact 
linearized equations, these solutions can be regarded as superpositions of a continuum of 
plane waves that propagate obliquely to the x-axis but translate along it with the same 
speed c. What is intriguing about the case of the KP equation is that one expects its 
nonlinearity to disrupt the delicate superposition principle that apparently permits such a 
large family of steadily traveling waves to exist. Since the KP equation is integrable, however, 
one could speculate that the persistence of this large family of waves is due to some nonlinear 
superposition principle special to integrable systems. 

In this paper, we will demonstrate that the infinite-dimensional nature of the family 
of steadily propagating water wave patterns is really a robust phenomenon, for a class of 
nonlinear model equations such as were derived by Benney and Luke |^ to describe the 
oblique interaction of water waves at high angles of incidence. 



2 Traveling waves for Benney-Luke equations 



The Benney-Luke equations that we consider have the form 



0. 



(2.1) 



The variable ^(x, y, t) is the nondimensional velocity potential on the bottom fluid boundary, 
and /i and e are small parameters: -y//! = h/ Lis the ratio of undisturbed fluid depth to typical 
wave length, and e is the ratio of typical wave amplitude to fluid depth. Eq. ( |2.l[ ) was derived 
for water waves without surface tension in with /i = e, a = i and b — ^. As discussed in 
JT^ , Eq. (2.1) remains a formally valid water wave model in the presence of surface tension 
provided a — b = Bo — ^ where Bo is the Bond number (also see ||l2|). We take a and b to be 
positive for linear well-posedness. The surface elevation is related to $ by 77 = — <I>t -I- 0(/i, e) 
to leading order. 

For a traveling wave solution $ = u{x — ct, y) of (2.1) the wave profile u should satisfy 



(c' - l)Ux 



fibc^Auxx + naA^u — ec{uxAu + |Vu|^) = 0. 



(2.2) 



When the wave speed satisfies < < min(l,a/6) the traveling-wave equation (2.2) is of 
elliptic type. In this regime there exist finite-energy solitary waves or "lumps," as we proved 
in using a variational method. 

Here we will study the complementary case > max(l,a/5), meaning simply > 1 
if Bo < i which is physically the more interesting case. In this regime the traveling- wave 



equation (2.1) has mixed type. Consider the linear dispersion relation for (2.2) for solutions 
of the form u{x, y) = exp(iA:x -I- ily) with e = 0: 



c^k^ + {k^ + - nbc^k^) + na{k^ + 



0. 



(2.3) 




Solving the quadratic for yields 

P = ±^/qik)+pik)^ - p{k) (2.4) 

where 

Z a / \ a / \/ia/ 

Since bc^ — a > and — 1 > 0, for all real k this yields four frequencies / with exactly 
two real and two purely imaginary. (See figure 1.) Moreover, \l\ oo as — s- oo in 
an asymptotically linear fashion. The existence of unbounded imaginary branches of the 



linear dispersion relation indicates that the initial- value problem for (2.2) considered as an 
evolution equation in y is linearly ill-posed. 

However, there is a spectral gap. It is evident from ( |2.4| ) with the minus sign that the 
imaginary branches of the dispersion relation are bounded away from the real axis — on 
these branches P is strictly negative and > cq > independent of k. Linear modes can 
grow or decay or remain neutral, but modes that grow or decay do so with rates bounded 
away from zero. This linear gap structure suggests that an invariant center manifold will 
exist in the nonlinear problem (^|^) with e > 0. On such a manifold, modes that grow or 
decay in y will be slaved to the neutral modes in the infinite-dimensional space corresponding 
to real branches of the dispersion relation. 

The main result of this paper involves proving that such an invariant center manifold of 
infinite dime nsion and codimension exists and contains all globally defined small-amplitude 
solutions of ( ^.2|) that are periodic in the direction of propagation. These solutions are 
determined by suitable initial data along the line y = 0. In particular, we show that a 



complete traveling wave solution of (2.1) is determined uniquely by arbitrarily specifying 
along y — the horizontal velocity ($2.,<I>y) at the fluid bottom, provided these data are 
sufficiently small in an appropriate norm (the Sobolev norm). The bottom- velocity 
profile evolves in y according to a dispersive, nonlinear, nonlocal wave equation obtained by 
restriction to the invariant center manifold. 

We obtain analogous results if we consider x as the time-like variable instead of y and 
specify initial data along a; = 0, and we will only sketch the analysis in this case. The 



traveling wave equation ( |2.2| ) is not isotropic, however, and it does not seem to be feasible 
in general to consider spatial dynamics in directions other than parallel and perpendicular 
to the direction of propagation of the wave. 



Our bottom- velocity characterization of traveling waves for (2.1) is very similar to the 
wave-slope characterizations of traveling waves for the KP-II equation and other models that 
were discussed in [||. For long waves of small amplitude, the variables involved are equivalent 
— to leading order, the wave slope is directly proportional to the time derivative of bottom 
velocity. 

It would be desirable to describe the structure of the traveling wave solutions we find in 
some precise way as nonlinear superpositions of obliquely propagating waves — the waves 
exist with arbitrarily large translation velocity c, reminiscent of the "scissoring" behavior 
of superposed wave trains in the linear wave equation. Here we do not describe the wave 
structure with any accuracy beyond parametrization and linear approximation. But a more 
detailed study of the nonlinear equation governing evolution on the center manifold may 
reveal further structural information. Perhaps doubly periodic solutions can be found by 
finding y-periodic solutions of the governing nonlinear nonlocal wave equation on the center 
manifold, for example. We do not expect the waves to be doubly periodic in general, however. 

The ill-posed mixed-type linear structure for the Benney-Luke equations considered here 
is like that for the exact water wave equations without surface tension In this respect 
the Benney-Luke equations are a faithful model for the exact water wave equations. The 
problem of finding a center manifold for these systems presents technical difficulties that have 
been little addressed in the literature. Both the center subspace (spanned by the neutral 
modes) and its complement (spanned by growing and decaying slave modes) are infinite- 
dimensional, and in both subspaces the evolution spectrum is unbounded. The structure 
resembles a wave equation coupled nonlinearly to an elliptic PDE. We are aware of only one 
work that concerns such a mixed- type problem, a paper of Mielke [ pT| . Our present problem 
is not of the special form that Mielke considered, but we can use some similar techniques to 
treat the peculiar difficulties that arise. In an appendix we present an abstract local theorem 
for center manifolds of infinite dimension and codimension which we can apply to obtain 



solutions of (2.2) 



Ill-posed spatial evolution equations with finite-dimensional center manifolds arise for the 
exact water wave problem with surface tension and have recently been analyzed by Groves 
and Mielke ^. In the exact water wave problem without surface tension, Haragus and 
Pego js) gave a linear analysis and identified some formally conserved quantities for spatial 
dynamics in the nonlinear problem. But the technical obstacles to proving there is a center 
manifold of infinite dimension and codimension in this case remain formidable. 



3 Main Result 



First, we convert the traveling wave equation (2^) into a first order abstract differential 
equation in a Hilbert space H for which the "time-like" variable is y. Since we assume a > 0, 
6 > and > max(l, a/b), we can define positive numbers s, r, and d via 

= r^ = ^, d^^±. (3.1) 

a fia fia 

Introducing the variables Ui, U2, U3 and C/4 by 

Ul ^ Ux, U2=Uy, U3=Uyy, U4 ^ Uyyy , 

Eq. (|2.2| ) can be viewed as the first order system 

^=AU + f{U) (3.2) 
dy 



where 



A = 
















is' 



( 



fiu) 





1 









u = 




V ec£ (3C/i a,C/i + U1U3 + 2U2 d,U2) 

We will restrict ourselves to consider only solutions periodic in x with fixed period, which 
we take to be 27r by rescaling. By scaling amplitude we can assume e = 1. We shall keep 
the parameters a, h, c and /j, fixed. 

Given an integer fc > 0, let H'' denote the Sobolev space of 27r-periodic functions on R 
whose weak derivatives up to order k are square-integrable. Then iJ'^' is a Hilbert space with 
norm given by 



= \diufdx 



To study (3.2) we introduce Hilbert spaces H and X defined by 

X = X X X H". 



(3.3) 
(3.4) 



Note that X is densely embedded in H. 
Our main result is the following. 

Theorem 3.1 (Traveling wave solutions via dynamics in y) There are positive constants Si 
and Ci with the following property: Given any initial conditions of the form 

(t/i(0),C/2(0)) - iwi,W2) 



in X such that \\iwi,W2)\\fjiy,fji < Si, Eq. (S.i) has a unique global classical solution 
U e C^{R,H) n C(M,X) such that \\U{y)\\H < CiSi for all y e R. The map taking initial 
conditions to the solution is Lipschitz continuous from x to C{[—T,T],H), for any 
T>0. 

Moreover, the first two components of the solution satisfy a dispersive, nonlinear, nonlocal 
wave equation of the form 



d_ 

dy 



Ui 
U2 







dx 




Ui 

U2 





9iUi,U2) 



(3.5) 



in which the map g: x — )■ is Lipschitz with g{0) ~ 0, Dg{0, 0) — 0, and where 
the nonlocal linear operator S (defined precisely in (6.11)) yields the real linear dispersion 
relation given by (2.4) with the plus sign. 



It is evident from the stability estimates that, for any small initial data {wi,W2) in 
X H^, (3.2) has a global weak solution U G C{R,H) which satisfies the same stability 
estimates. 

For traveling wave solutions via dynamics in x, the roles of x and y are simply interchanged 
throughout. With U = iuy,Ux,Uxx,Uxxx) one obtains a first order system of the same form 



as in (3.2) except that 



6c2 



fi(bc^ 



d^ = 



fiibc^ 



(3.6) 



and fiiU) = —ecr'^(3U2U3 + U2dyUi + 2UidyU2)- Exactly the same theorem as 3.1 holds in 
this case, with y replaced by x. 

To prove these results, we will first apply the abstract local center manifold theorem in the 
appendix to our problem (see section 3). This will show that with respect to an invariant- 
subspace decomposition H — Hq ® Hi oi H into a center subspace Hq and a hyperbolic 



subspace Hi, equation (3.2) has a local invariant manifold given by the graph of a Lipschitz 
function ips: Hq ^ Hi Ci X . 

Next, we will use a conserved energy functional £ to prove that the zero solution is stable 
on the local center manifold, and infer the global existence of classical solutions for small data 
(see section 4). The energy functional is indefinite in general, but on the center subspace 
and center manifold it is coercive with respect to the H norm. 

Finally, we will show in section 5 that the center subspace and center manifold are 
conveniently parametrized by the first two components of U, which correspond physically to 
the horizontal velocity on the fluid bottom. We will then obtain global classical solutions 



for (3^) with data {wi,W2) in the space H^ x H^ that are small in the H^ x H^ norm, and 



verify that solutions satisfy an equation of the form in (|3.5|) 



4 Existence of a local center manifold 



The goal in this section is to verify the hypotheses of Theorem A.l in the appendix (an 
abstract center manifold theorem) to obtain existence of a local center manifold for the 
system ( |3.2| ). These hypotheses come in three groups: (1) basic structural conditions on A 
and /, (2) existence of a spectral decomposition of as a direct sum of a center subspace Hq 
and a hyperbolic subspace Hi, with a corresponding decomposition of X, and (3) solvability 
conditions on linear equations of evolution in each subspace. 



4.1 Structural conditions 

First consider the basic structural conditions. It is straightforward to check that A e 
£{X,H), the space of bounded linear operators from X to H. The map / is bilinear, 
and with U,V G H it is easy to check that 

WfiU + V)- f{U)\\x<{\\U\\H + \\V\\H)\\V\\„. (4.1) 

By consequence, f:H~>Xis smooth, and clearly /(O) = = Df{0). It is an interesting 
feature of this problem that the nonlinear map / exhibits a gain of regularity. We will exploit 
this feature to help find classical solutions. 



4.2 Spectral decomposition 

We will construct the desired spectral decompositions of H and X by using a complete set 
of eigenfunctions found via Fourier transform. 

Any element U Cz H or X can be represented by a Fourier series 

[/ = ^ f7(fc)e*'=^ (4.2) 

fcGZ 

In terms of the vector Fourier coefficients the norms in H and X may be given by 



WUfn = E \SHik)U{k)\', \\U\\j, = + k')\SH{k)U{k)\', (4.3) 
kez feez 



where 

Snik) = diag {(1 + fc2)l/2, (1 + fc2)l/2^ ^ (1 ^ fc2)-l/2| 

For f/ G X we have AU{k) = A{k)U{k) where 

/ 



A{k) = 



ifc 0^ 

10 

1 



If A e C is an eigenvalue with eigenfunction U, it must be that {A{k) — \I)U{k) = for 
aU fc, so that for some fc, tj{k) is an eigenvector of A{k) with eigenvalue A. Let us write 



Q(A, fc) = det(i(fc) - A/) = A* - 2p(fc)A2 - q{k) 



(4.4) 



where p(fc) and q{k) are given in An eigenvalue A must satisfy Q(A, fc) = for some k. 

For each nonzero integer k we find four distinct eigenvalues, two purely imaginary and two 
real, which we denote as follows: 



Ai(fc) - i^-p{k) + v/p(fc)2 + qW), A2(fc) = -Ai(fc), 
A3(fc) = JmWpWTW), Hk) = -A3(fc), 



(4.5) 



For fc = the eigenvalue Ai(0) — A2(0) = is a double zero of Q{X, 0), and A3(0) — — A4(0) = 
d. As fc ^ oo we have that Ai(A:) ~ isk, A3 (A:) ~ k. The sign of 1 — is not determined, but 
A3(fc) > a > for some constant a independent of k. For each nonzero eigenvalue A note 
that 

dxQiX, k) - 4A3 - Ap{k)X - Y + '?(^)) ^ 0- 

A 

Corresponding to each nonzero eigenvalue \m{k), the matrix A{k) has right eigenvector 
Vm{k) and left eigenvector Wm{k) given by 



Vrn{k) = (i/c, Am(fc), A™(fc)2,A„i(fc)^) 
q{k) q{k) 



Wm{k) 



7, Am(fc), 1 



JfcAm(fc) ' A,„(fc)2 ' ' y d\Q{\ra(k),k)' 

For the zero eigenvalue with fc = there is a two-dimensional eigenspace and we let 

z;i(0) = (1,0,0,0)^, i;2(0) = (0,1,0,0)^, 
w;i(0) = (1,0,0,0), W2(0)= (0,l,0,-d-2)^ 

The eigenvectors are normalized so that Wm{k) ■ w,„(fc) = 1. Introducing the matrices 

/Wl{k) 



(4.6) 
(4.7) 

(4.8) 



W{k) = 



W2{k) 
\Ui4(fc) , 



V{k) = {vi{k),V2{k),v^{k),v^{k)), 



(4.9) 



we have Wik) ■ V{k) = / and W{k)A{k)V(k) = diag{Ai(fc), A2(fc), A3(fc), A4(fc)} for all k. 
Given an element U in H may write 



U{k) = V{k)U*{k) where f/#(fc) = 



/t/f(fc)\ 

Ut{k) 
U*{k) 
\U*{k)J 



W{k) ■ U{k), 



(4.10) 



and hence we have the representations 

4 4 

^ = EE^''"^™(^)^™(^)' AC/ = ^ ^ e^'=-T;„(fc){7#(A:)A„(A:). (4.11) 

Because |Am(fc)| grows asymptotically linearly in fc, it is not difficult to check that in terms 
of the coefficient vectors U'^{k) we have the following equivalences of norms: 

\\U\\h - E(l + k^f\U*{k)\\ ml ^ ^(1 + k^f\U*{k)\\ (4.12) 
fcez feez 

We define the projections ttq and tti by 

2 4 

= E E ^it^ = E E (4.13) 



From the equivalences in (4.12) it is evident that ttq and tti are bounded on H and on X 
with TTo + 7ri = J, and it is clear that AXj C where Xj = ttjX and Hj = ttjH for j = 0, 1. 
This yields the spectral decompositions H = Hq® Hi and X = XqQ) Xi with the properties 
required in the appendix. 

4.3 Solvability conditions for linear dynamics. 

First we consider the center subspace Hq- We define a family of linear operators {5'o(t)}tgK 
on Ho by 

2 

^Y.T. e'''''vm{k)U*{k)e'-^'^K (4.14) 

feeZ m=l 

Since for m = I and 2, Am(fc) is pure imaginary and its magnitude grows asymptotically 
linearly in fc, it is straightforward to show that the family {5o(i)}teR is a bounded C'^-group 
on Hq with infinitesimal generator Aq — A\xo- This establishes that the hypothesis (HO) of 
the appendix holds. 

Next wc seek to verify condition (HI) in the hyperbolic subspace Hi. For consistency 
with the notation in the appendix we replace y by < in the rest of this section. We must 
consider the inhomogeneous linear equation 

^U{t)^AiU{t)+G{t) (4.15) 
at 

where Ai = A\xi- Recall that A3(fc) > a > for aU fc. Let < f3 < a and let G G 
C{R,Xi) n i/f , where as in the appendix for any Banach space Y we let 

= {u e C(M,y) I \\u\\yh supe"'^l*l||w||y < oo}. (4.16) 

t 

Suppose U e C^(R, i?i) n C{M.,Xi) is a solution belonging to fff. Then applying the 
Fourier transform in x and multiplying by the matrix W{k) yields 

jUiik,t) = A„(fc)C/#(fc,i) + G#(fc,t) (4.17) 

for aU fc e Z, < e M and m = 3, 4. The functions G*{k, •) and U*(k, •) belong to (F = R 
in ( 4.16 )). Since |Am(^)| > a > /3, it is necessarily the case that 

Uf{k,t) = f e^^^''^^'~^^G*{k,T)dT, U*{k,t) = f e^^('=)(*-")Gf(fc,r)dr. (4.18) 



Consequently any solution of (4.15) in i/f is unique. We claim that the formulas (4.18) 
together with the representation for U — niU in (4.13) yield existence of a solution in 



For this purpose it will be convenient to decompose Eq. ( 4.15| ) using projections into the 
■'unstable" and "stable" subspaces. These projections are defined by 



(4.19) 



feGZ 



for U E H. Clearly 7r„ and tTs are bounded on H and X and 7r„ + tTs = tti. 

We next introduce a Green's function operator S{t) defined for nonzero i G M. by 



- J2 e'^^v:i{k)U*{k)e^-'^''^' for t < 0, 



S{t)U = 



Y e'''^Vi{k)uf{k)e^^^''^' for t > 0. 



(4.20) 



Due to (4.12), S{t) is equivalent to a multiplication operator on a sequence space so it is 
easy to verify that for some constant C independent of t we have the following norm bounds: 



\\Smc{Y) < Ce-"l*l iY = HorX), (4.21) 

^ {g;;:: (4.22) 

\\Sit)-7rs\\cix,H) + \\Si-t) + 7rJcix,H) < Ct for t > 0. (4.23) 



Here C{Y) and C{H, X) respectively denote the space of bounded operators on F, and from 
H to X. To get these bounds one uses the facts that A3(fc) = — A4(fc) is bounded below by 
a > and grows linearly in fc, so 



together with the facts that for i > 0, 



sup A"^|e"^* - 1| < i, supAe 



-At 



ae 
l/et 



for at > 1, 
for at < 1. 



Also, S is from M \ {0} to C{H) with dS{t)/dt = AiS{t), and S{t) -> tt^ (resp. -7r„) 
strongly as t — > 0+ (resp. 0^). Therefore the families {5(i)}t>o and { — S'(— <)}t>o are 
analytic semigroups in tTsH and tTuH respectively [ p^ p. 62]. 
Eqs. (4.18|) yield the formula 



U{t) = S{t- t)G(t) dT 



(4.24) 



for the solution of (H.lSj) . We wish to show that U £ C(M,X), U G i/f, and dU/dt exists in 
H and satisfies ( 4.15| ). For the first step we note that 



Uit) 



S{s)G{t~ s)ds+ / S{s)G{t- s)ds. 

'|s|>Q-l 



Using ( [4.2l| ) and G G G(R,X) it is clear that the first term is in C{R,X). For the second 
term we use ( 4.22 ) and G G H'^ to see that the integral converges in X uniformly on compact 
sets in t. 
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It follows that U e C(R, X). Using we have that for Y = H or X, if G € Yf^ then 



-/3|i| 



|C/WI|y < C\\G\\ 



s\+(3{\t-s\-\t\) 



ds < 



2C 

a — P 



\G\\ 



Yfi. 



(4.25) 



This shows that U e Y^ and establishes the estimates required in hypothesis (HI). 

It remains to show U = tt^L/ + 7r„[/ is differentiable in H and satisfies ( 4.15| ). We check 
this for the two terms separately. For h > Q we compute 



TTsU{t+h) - TTsUit) 



S{h) - TTs 
h 

rt+h 



TrsU{t) + - / {S{T)-TTs)G{t + h-T)dT 



1 r^" 

+ - J TlsG{T)dT. 



Using ( I.23| ) and G G G{R,X), as /i 0+ we deduce that the next-to-last term converges 
to zero in H and the last term converges to TTsG{t). Moreover the first term converges to 
AiTrsU{t). Hence the right derivative exists and satisfies D+TrsU{t) = Ai7rsU{t) + 7rsG{t), so 
is continuous into H. It follows that ttsU is differentia ble. W e may treat ttuU in a similar 
way, and conclude that U is differentiable and satisfies ( 4.15| ). 

This comple tes t he verification of hypothesis (HI) in the appendix. Si nce all the hypothe- 
ses of Theorem |A.f| have been verified, we have established that system (3^) admits a local 
center manifold having the properties stated in the Theorem. 



5 Global existence and stability 

Our aim in this section is to establish the global existence of classical solutions on the local 
center manifold, for initial data that is small in i?-norm. This we do by establishing that 
the zero solution is stable on the center manifold, which is given by the graph of a function 
05 : Ho — > Xi . We shall exploit an energy functional that is conserved in "time" for classical 
solutions. We shall prove the following result. 

Theorem 5.1 (Stability on the center manifold) Let (f>s be given by applying Theorem [A. j| 



to (3.i). There exist positive constants 62 and C2 such that, for any £^ e Xq with \\^\\h < S2, 
there is a unique classical solution U on R to ( [5*. 4 ) such that ttoU{0) — ^ and \\U{y)\\H < 
2C2||^||h for all y G M.. Moreover, for any T > the map taking to U is Lipschitz 
continuous from Hq to C{[—T,T],H). 

We define the functional £: H ^ Rhy 

£{U) = £o{U) + £i{U) (5.1) 

where the quadratic part is 

£o{U) := ^l'^(^r^\U,\' + s'\d,Ui\' + d'\U2\'-{s'-l)\d,U2\' + \U3\'^dx 

- -(C/4,C/2)_ii, (5.2) 

TT ' 

and the remaining part is 



£i{U) = / {Ut - UiUi) dx. (5.3) 



Above, (•, •)_-^ ^ denotes the natural pairing between H ^ and H^. Clearly £ is smooth from 
H to M.. li U E C^(M, H) is a classical solution of the first order equation (3.2), then for all 
y GM. we find 



In other words, £ is conserved along classical solutions of (3.2). 

In the case of dynamics in x, when x and y are interchanged, the quadratic part of the 
energy has the same form and the remaining part is replaced by 



£i{U) = 



-ecr 



27r 



Uldy. 



(5.4) 



Note that neither £ nor £q is necessarily positive. However, we will establish that their 
restrictions to the center manifold are positive. We will first show that £q is positive in the 
center space -f^o- 

Lemma 5.2 There is a positive constant Co such that for any U € Hq, 

{l/Co)\\U\\l<£oiU)<Co\\UrH. 



Proof. Using the Fourier series representation (O) we find 

£o(C/)-5]^:o(?7(fc)e''=-). 



Now 



f/(0) 



fU*{Q)\ 



U{k) = 



V ) 



I tk{U*(k) + U*(k)) \ 
Ai(fc)(C/f(fc)-L/f(fc)) 
Ai(fc)2([/f(fc) + [/#(fc)) 

\Xi{kf{U*{k)-U*{k))/ 



(5.5) 



(5.6) 



so 



£o{Um=r'\U*iOr+d^\U*{Or, 
and since Ai(fc) is purely imaginary we compute for k ^ that 

£o{U{k)e'''n = {r^ + s^k^)\Ui{k)\^ + {d^ + {l-s^)k^)\U2{k)\^ 
= (g(fc) + |Ai(fc)n|{/f(fc) + t/f(fc)p 

+ |Ai(fc)|^(2p(fc) - 2Ai(fc)2)|C/f (fc) - U*ik)f. 

The quantity 



\U3{k)\' - 2Ui{k)U2{k) 
(5.7) 
(5.8) 



L{k) := 2p{k) - 2Ai(fc)2 = 2y/p{k)^ + q{k) 

is positive, and for |fc| > 1, the quantity \Xi{k)\'^L{k) is bounded above and b elow by a 
constant times (1 + A;^)^. The same is true for q{k) + |Ai(fc)|'*. Therefore by ( 4.12 ) we obtain 
the desired equivalence: 



£oiU) ^ Y.i^ + er{\U*ik) + U*{k)\' + \U*{k)-U*{k)f) 



= 2Y,{l + kY[\U*{k)\' + \U*ik)(- 



ml. 



□ 



(5.9) 



kei. 



Next we control the energy on the center manifold, which is given by the graph of a 
function ips: Hg Xi with the properties stated in Theorem A.l. 
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Lemma 5.3 Let (ps be given by applying Theorem [A.J] to (5.1 j. Then there exist positive 
constants 62 and C2 such that for all ^ G with \\C\\h < ^2 we have 



■m\]i<m + m))<c2m\i. 



Proof. By Theorem 0, WMOWh = odlCllff) as W^Wh ^ 0, and since £^{i + 
it is easy to see that 



-0(11^11^110^(011^) 

■omrH) 



(5.10) 
(5.11) 



as II Cliff ~^ 0- The result follows using Lemma 5.2. □ 



Let us now proceed to prove Theorem 5.1. Let 82 and C2 be given by Lemma 5.2. We 



may assume 2C262 < S hy making S2 smaller if necessary. Suppose ^ G Xq with \\S,\\h < 62- 
We invoke Theorem A.l and obtain existence of a continuous function U from M into the 
center manifold Ais — {(^ + (j>s{C) ■ C S Xq} such that ttoU{0) = which is a classical 
solution of ( [3.2[ ) on any open interval J C M containing such that ||7ro?7(y)||H < S for all 
ye J. 

By a straightforward continuation argument, to show that t/ is a classical solution on R 



and satisfies the estimate claimed in Theorem 5.1, it suffices to establish an appropriate a 
priori estimate. Namely, it is enough to show that on any open interval J C M containing 
such that ||7roC/(?/)||/f < S for all y G J, we have that ||7ro?7(y)||// < C2|lC||_f/ for all y & J- 

Since C/ is a classical solution on such an interval, we may use the fact that £{U{y)) is 
constant along with Lemma |5.3| to deduce that for any y E J, 



^hoUiv^H < £{U{y)) = £{Um < C2m'H- 



(5.12) 



This establishes the desired a priori estimate, proving the existence part of the Theorem. 



The statement regarding Lipschitz dependence follows from Proposition A. 6. 

To prove the uniqueness statement, suppose [/ is a classical solution on M to (3.2) such 
that 7roC/(0) = ^ and \\U{y)\\H < '2C2U\\h for aU y G R. Since 2C2||Clk < S, from The- 
orem A.l(v) it follows U(y) must lie on the center manifold Ais for all y E R. Then U is 



determined by Uq = t^oU, which by Theorem A.l (iii) is the unique classical solution of the 
equation 

^Uoiy) = AoUoiy) + ^o/(C/o(2/) + MUoiy))) (5.13) 
ay 

with ;7o(0) = ^. 



6 Parametrization and evolution on the center manifold 

The last steps needed to prove Theorem involve showing that global solutions U on the 
center manifold can be characterized by their initial data in just the first two components. 
In order to accomplish this characterization, by Theorem it will suffice to establish a 
suitable correspondence between the first two components of U{0) and the center-subspace 
projection ttoU{0). In this section, we denote the restriction of any U = (Ui, U2, U3, U^)'^ on 
the first two components by 

nu = iUi,U2). (6.1) 



Theorem 6.1 Let (j)s he given by applying Theorem A.l to (S.i). There exist positive con- 
stants 5^ and C3 with the following property. For any w = {wi,W2) G x such that 
ll^llffi xffi < '^3' there exists a unique ^ e Hq such that \\^\\h < C'sll'^^lliJixHi ^"■^ 

w^n^ + MO)- (6.2) 

The map w — s- ^ is Lipschitz continuous, and if w E x then ^ G Xq. 

To prove this, first we study the restriction TZ on the center subspace. 

Lemma 6.2 The map TZ yields simultaneous isomorphisms Hq = x and Xq = 
X H\ 



Proof. Given any U = ttqU in Hq or Xq, we use the representation (4.13) to write 



7^C/ = ^ e''^"l/(fc) 



Ufik) 
'2 



U*{k) 



where 



1/(0) = 



1 
1 



V{k) = 



ik 



ik 
-Xiik) 



for k ^ 0. Since |Ai(/c)| grows asymptoticaUy hnearly in k, it foUows that 

\mi{kr < c{i + P)(|c/f (fc)p + \u*ik)\'). 



(6.3) 



(6.4) 



(6.5) 



From the equivalences (4.12) it foUows that TZ is bounded from Hq to x 11^ and from Xq 
to X H^. Moreover, TZ is one-to-one, since if TZU = then U{k) = for aU k since V{k) 
is invertible. 

To see that TZ yields an isomorphism, we observe that its inverse is given by the prolon- 
gati on fo rmula U = T'w, where, given w £ x or if^ x H^, we have U = ttqU given 
by ([4.13D with 



U*{k) 
for k^O. Clearly 



= V{k)-'w{k) = 



Ai(fc) 



2ikXi{k) \Xiik) -ik ) \w2{k) 



C 



(6.6) 



\U*{kr + \Ut{k)\' = |y(A)-iz«(A:)|^ < YTjlp 



for all A:, so using ( 4.12 ) we see that T' is bounded from x i/^ to iJp and from x i/^ 
toXo. □ 

Proof of Theorem 6.1. Giv en w, we shall prove corresponding statements for C, = TZ^ in 
place of ^ and use Lemma |6.2| . Recall that T^, the inverse of TZ, is given hy U — T'w using 
(6.6) and ( 4.13 ). The quantity C, should satisfy 



C^w-^iO where 0(C) = 7^05(PC)■ 



(6.7) 



Using the contraction mapping theorem, we find that this equation has a unique solution C, G 
X satisfying ||C|liyix/fi < ^' if l!^ll/fix_ffi < '^'(1 ~ provided that the Lipschitz 
constant L{5') of ((> on the ball of rad ius 5 ' in x iJ^ s atisf ies L{5') < 1. This is true if S' 
is sufficiently small, due to Theorem AA (ii) and Lemma |6.2| . Moreover, the map w 1-^ C, is 
Lipschitz with Lipschitz constant 1/(1 — L{S')). Furthermore, ^(C) G TZXi C x H"^, so if 
w e X then ( e x and so ^ = PC G Xq. □ 
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Proof of Theorem 3.1. The parts of the Theorem referring to existence, uniqueness, 



stabiHty, and Lipschitz dependence on initial data follow directly from Theorems |5.l| and 
|6.l| . It remains to verify that the first two components w — TZU of a solution as given by 
these results satisfy an equation of the form (B.5). Let ^(y) be determined from wly) by 
Theorem 6.1 for each y. Since PTZ(, — ^, we find that 



U = rw + 2p{w) where = (/ - VTZ)(f>s{(,). 



(6. 



Note that (j)s takes values in Xi so ipiw) need not be zero. However the first two components 
Tiip{w) = 0, and since C/ is a classical solution of (3^), restriction to the first two components 
yields 

-^w ^ nA{Vw + ij{w)) ^ Aw + ( , ^, ,] (6.9) 

since the first two components TZf{U) — 0. Here the action o f the opera tor A — TZAV can 
be determined through Fourier transform representation from ( 4.11 ) and (6^). We find that 



Aw 



Ai(fc) 



-Ai(fc) 



kez 

ik 
\i{kf/ik 







V{ky^w{k) 



wi{k) 

W2{k) 



(6.10) 



Thus we have that w — TZU satisfies an equation of the form (3.5) in which g = and S is 
a pseudodifferential operator of degree zero defined by 



Swi{k) = {\i{k)/ikfwi{k) 



(6.11) 



for k ^ 0. The eigenvalues of A have the form ±Ai(fc), leading to the real dispersion relation 
in ( ^.4[ ) with the plus sign. Since tps takes values in Xi and satisfies 4>5{Q) = 0, D<j)s{0) = 0, 
we find that g{wi,W2) ~ ipsiw) is Lipschitz from a small ball in x into Hi with 
ff(0,0) = 0, 7^5(0,0) = 0. 



This finishes the proof of Theorem 3.1. D 



A Center manifolds of infinite dimension and codimen- 
sion 

Here we consider abstract differential equations of the form 

^it)^Au{t)+fiuit)). (A.l) 

where X and H are Banach spaces with X densely embedded in H, A £ C{X, H), the space 
of bounded linear operators from X to H, and / is continuously differentiable from H into 
X with /(O) = and D/(0) = 0. 

The goal in this section is to prove the existence of a locally invariant center manifold of 



classical solutions for the system (A.l) under certain conditions which permit the center sub- 
space (that associated with the purely imaginary spectrum of A) to have infinite dimension 
and codimension. 

We start with some basic definitions and some hypotheses: 

Definition A.l Let J d R be an open interval and u:M ^ H be a function. We say that 



u is a classical solution of (A.l) on J if the mapping 1 1-^ u{t) is continuous from J into X, 



is differentiable from J into H and (AA) holds for all t € J. 
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Let (3 > 0, let Y and Z be Banach spaces and U be an open set in Y. We define the Banach 
spaces Cb{U, Z), Lip(C/, Z) and Y^^ by 



Cb{U,Z) := /eC(C/,Z):sup||/(M)||z<(» 

Lip(C/,Z) := {/e : ||/(m)-/(«)||z < A//||ii-«||y forall«,z;e [/}. 

r'' := {we C(M,r) : :=supe-'^l*l||M(t)||y <oo}. 

f 

Throughout this section we assume that there are bounded projections ttq and tti on H 
such that (i) H — Hq iifi with Hi :— TTi{H), (ii) Tr^jx is bounded from X to X, and (iii) 
AXi C iJj where Xi := 7ri(X), for i = 0, 1. We let denote a common norm bound for the 
projections nj on H and X, j — 0, 1. 

In consequence, the equation (A.l) can be rewritten as the first order system 

-^Mo(t) = AoUoit) + 770 f{u{t)), 

'^^ (A.2) 

-Ul{t) = AlUlit)+TTlf{u{t)), 

where Ai € C{Xi, Hi) with Aiy = iTiAy for y e Xi. 

We assume the following splitting properties for the operator A, associated with the linear 
evolution equation du/dt = Au. 

(HO) ^0 is the generator of a C"-group {S'o(t)}teM on i/o with subexponential growth. I.e., 
given any /3 > 0, there is a constant Mq{(3) > such that 

WSoimciHo) < Mo(/3)e''l*l for aU t e R. 

(HI) There exists a > and a positive function Mi on [0, a) such that for any f3 S [0, a) 
and for any gi £ C(R, Xi) n -fff the equation 

^ui = AiUi+gi (A. 3) 

has a unique solution in ijf given by Ui = Kigi, where Ki G C{H^) with ||^i||£(^/3) < 
Mi(/3). Furthermore ||i^i < Mi(/3). 



Theorem A.l (Local Center Manifold Theorem) Let H, X, A, ttq, tti and f be as 

above, and let 

3(6)^ {ye Ho : \\y\\H<5}. 
Then for all sufficiently small S > there exists (f>s ■ Hq —^ Xi such that 
(i) 0^(0) = and D(j)s{Q) ^ 0. 

(ii) (j}s G Ci,{Hq, Xi)nhip{HQ, Xi), and on any ball B{5'), (pg has Lipschitz constant L{S') 
satisfying L{5') < | and L{5') —> as 5' — > 0+. 

(iii) The manifold M.s C X given by 

Ms:={i + MO-i^Xa} (A.4) 

is a local integral manifold for \A.\ ) over B{S) D Xq. That is, given any y G Ais there 
is a continuous map — > Ms with u{0) — y, such that for any open interval J 
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containing with ■kqu{J) C B{5) it follows that u is a classical solution of (A.l) on 
J. Moreover, uq :— ttqU is the unique classical solution on J with uo(0) = ttqU to the 
reduced equation 

^Mt) - Aouoit) + Fsiuoit)), (A.5) 

where Fg: Hq Xq is locally Lipschitz and is given by Fs{w) :— ttq/^w + (f>s{u))). 
(iv) For any open interval J C M, every classical solution uq G C^{J, Hq) C\ C{J, Xq) of the 



reduced equation (A.t) such that Uo{t) G B{S) for all t £ J yields, via u ~ uo + 05 (mq), 



a classical solution u of the full equation (A.l) on J. 

(v) The manifold Ms contains all classical solutions on M that satisfy ||u(<)||^f < 5 for all 
t. 

Center manifolds of infinite dimension with finite codimension (dim Hi < oo) were ob- 
tained by Bates and Jones A generalization regarding invariant manifolds of infinite 
dimension and codimension in nonautonomous systems was obtained by Scarpellini [jisl , but 
his hypotheses require that the operator Ai be bounded from H to H. The general strat- 
egy of our proof will follow closely the lines of jl^ (also see |l0[ [l^) for the case of a 
finite-dimensional center manifold in an ill-posed system for which the spectrum of Ai is 
unbounded on both sides of the imaginary axis. One transforms Eq. ( |A.l| ) into an integral 
equation that must contain all small bounded solutions. In order to obtain an invariant 
manifold by a contraction mapping argument, one must modify the nonlinearity / outside a 
neighborhood of using a cutoff function. 

A significant point of difference between our results and those of is that our cutoff 
occurs in the H norm, and not in the X norm as in ]T^ . In our application to traveling waves 
of the Benney-Luke equation, it is important to establish global existence of small solutions 
on the center manifold. We do this by using an energy functional which is defined on H and 
conserved in time for classical solutions (which take values in X). The energy is indefinite 
in general, but controls the H norm for solutions on the center manifold. For this reason, 
we find it necessary to obtain a center manifold that contains solutions with large X norm 
but small H norm. This we accomplish by requiring that the nonlinearity / has a smoothing 
property, mapping H into X. This is a stronger hypothesis on / than is made in earlier 
works, but we want to emphasize that it is completely natural for the present application to 
the Benney-Luke equation. 



A.l Linear Analysis 

In this section we discuss the existence of classical solutions for inhomogeneous linear prob- 
lems that are associated with the system ( [A.2| ). First we begin with the linear analysis 
corresponding to the problem on the center space. The following result follows easily from 
the standard theory of C° semigroups (see [p3[). 

Lemma A. 2 (Linear analysis on the center space) Suppose condition (HO) holds. Then for 
any ^ E Hq and go G Hq the initial value problem 

^uoit) = Aouoit) + go{t), u{0) = (, (A.6) 
at 

has a global mild solution Uq G Hq given by 



uo{t) = 5o(i)C + / Soit - T)go{T)dT. 
Jo 



(A.7) 
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Moreover, if go G C(R, Xq) then for every G Xq Eq. (A.t) has a unique global classical 
solution. In either case Y = Hq or Xq, for go G Yg we have the estimate 



l^^olly^^ <Mo(/3)||C|| 



Mo(/3/2) 
p/2 



llffoll 



Yi3. 



(A., 



Now we can treat the full linear problem on H by simply combining the results obtained 
in the center space and the hypothesis (HI) in the hyperbolic space. 

Lemma A. 3 (Combined linear analysis) Let _ff , A", A, ttq , tti be as above and let (3 G (0,a) 
be fixed. Then for every ( G Xq and for every g G H C(M, X), the problem 



u{t)^Soit)C+ / So{t-T)T:ogiT)dT + {Knrig)it). 



-u{t) = Au{t) + g{t) (<gM), 
has a unique classical solution u G given by 



(A.9) 



(A.IO) 



Moreover, if g G X^ , the u given by ( A. It ) is in X^. In either case Y = X or H we have 
the estimate 

\\u\\r, < Afo(/3)||CI|y + M(/3)||c;||y, (A.ll) 

where 

'Afo(/3/2) 



M(/3) 



/3/2 



Mi(/3) 



Due to hypothesis (HI) and Lemma [A. 2| , we have that in fact for any ( G Hq and g G H^, 
formula (A.IO) defines a function u G that satisfies the bound in (A.ll). We will call 
this function u the mild solution of ([A.9|). 



A. 2 Nonlinear analysis with cutoff 

In this section, we will consider the full nonlinear problem. The first observation is that by 
Lemma A. 3, any classical solution u of (A.l) that is globally bounded in H must satisfy the 
equation 

u{t)^So{t)(:+ f So{t~T)7TQf{u{T))dT+{Kl7Tlf{u)){t), (A.12) 

Jo 

where C = 7''ow(0) G Hq. The idea now is to use the contraction mapping theorem in the 
space to prove the existence of a unique fixed point for the operator that yields the 
right hand side of Eq. ( A.12 ). But the nonlinearity / may be only locally, not globally, 
Lipschitz. This forces us to localize Eq. (A.l) by changing the nonlinearity outside of a 
suitable neighborhood of in the space H using a cut off function. We will establish a center 
manifold theorem for the cutoff version of Eq. (A.l), and then show that this produces a 
local center manifold for the full problem. 

Recah / G C^{H,X) satisfies /(O) = 0, Df{0) = 0. Choose x G C^iR, [0, 1]) such that 



1 for t < 2, 
for t > 3, 



with |x'(i)l ^ 2 for all t. For S > 0, then define the cut-off nonlinearity by 

fs{x) ■.= f{x)-x' 



(A.13) 



(A.14) 
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for X E H. Then fs is bounded, globally Lipschitz, and is near zero, with fs{x) = for 
\\x\\h > 35 and Dfs{0) = 0. We next define 

Lif,5) := sup{\\Df{y)\\ciH,x)-yeH,\\y\\H <S}, (A.15) 
L{fs) := sup{\\fs{x)- f5{y)\\x/\\x-y\\H ■■x,ye H with x:^y}. (A.16) 

For any 6' > we have 

\\f{ui)- fiu2)\\x <Lif,6')\\ui~U2\\H forallwi,U2eB(<5'), (A.17) 
and since Df £ C{H, C{X)) we have L{f, S') ^ as 5' ^ 0+. Our cutoff yields the bounds 



Hfs) < 7L{f, 3S), L{fs, S') < 3L{f, 6') for < S' < S. 



The cut-off version of Eq. [AA) is 

du 



dt 



{t)^Au{t) + fs{u{t)). 



By Lemma A. 3, any classical solution u G of (A. 19) must satisfy the equation 

u{t)^T{Cu){t) -.^Som + Tium 

where ^ 

fiu)it) := / Soit-T)7rof5iuiT))dT + {Ki7rifs{u)){t), 



(A.18) 



(A.19) 



(A.20) 



and where C = T^gu jO) € Hq. 

By Lemma A_^, if /3 G (0, a) then T: is Lipschitz continuous with Lipschitz 

constant M{P)L{fs), and in either case Y = H or X we have that T{C,-):Y>^ Y>^ is 
Lipschitz continuous with the same Lipschitz constant. Let Sq be chosen (depending on /?) 
such that for < 5 < (5o, 

M{P)L{fs) < i. (A.21) 
Now we can solve Eq. ( |A.20 ) by the contraction mapping theorem in Y^, and obtain 

Proposition A. 4 (Fixed points ofT) Let H,X,A,TTo,Tri, f and S be as above. If (3 G {0,a) 
is fixed, then the cut- ojf nonlinear problem ( A.l!\ ) has for all C € Hq a unique mild solution 
u -. u{(^, •) e Hl^ of the form l \A.2(\ ) with 7Tau{0) = C- If C & Xq then u{C, •) e X^^ and is the 
unique classical solution in . Moreover, in either case Y ^ H or X, for any (1,(2 G Yq 
we have 

MCi, •) " u(C2, Olly^ < 2Mo(/3)||Ci - C2|iF. (A.22) 

Proof. We only need to show the estimates (the existence and uniqueness follow by the 
contraction mapping theorem). By estimates in Lemma A. 3, 

iiu(c, •) - uiv, ■)\\y^ < Moimc - vWy + Mmifsm, •)) - fsiHv, -mv^ 

< Mo(/?)||C - vWy + M{f3)L{fs)\\u{(:, •) - Ollr^- 



□ 



Now we can obtain a global center manifold for the cut-off problem. 
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Proposition A. 5 ( Global center manifold) Let H , X , A, ttq, tti, f3, S and f be as in Propo- 
sition 



define 



A. 4- For C G Hq, let u{(^, •) denote the unique fixed point for T{C,, •) in , ana 

05(C) = ^i"(C,o). 



If u ^ is a mild solution of Eq. (A.IL ), then u{t) e Ms for all i G K., where 

The map (pg G C},{Hq, Xi) H Lip(i7o, Xi), (/'^(O) ~ 0, and D(f)s{0) exists and is zero. Also, 
for any S' > 0, for any ^ H with WCjWn < 5' we have 

ii0,-(Ci) - MC2)\\x < LiPsj'mi - C2IIH 

where L{(j)s,6') ^ Q as 5' 0+ and with = 2Afo(/3)Mi(/?)c^ we have L{(t)s,S') < C^L{fs) 
for all S' >0. 

Proof. Let C, G Hq, then the equation 

u = So{-)(: + f{u) 

has the unique solution u = {t(C, •) in . Since ttoT{u){0) — 0, we conclude that 7rou(0) = (. 
This means that if u G is a mild solution of ( A.19| ) then u = {t(C, •) and 

7riM(0) =^iu(C,0) = 05(C). 

In particular note the following. Fix any s G M. Then in hypothesis (HI), replacing 171 by 
gi{s + ■) yields the solution ui(s + •). Now, given u = {t(C, •) as above, define Vs(t) = u{s + t). 
Since ttiu is a solution of ( [A. 3D with gi(t) ~ T^ifs{u{t)), we have that niVs is a solution 
of (A. 3) with gi{t) — 7Tifs{vs{t)). Since Vg G H^, Vg is a mild solution of (A. 19) with 
''^oVsiQ) — 7i'ow(s). It follows that Vg — u(7rou(s), •) and therefore 

u{s) = Vs{0) = 7rou(s) + (/)5(7roM(s)). 

This proves that u{t) £ Ms for all i G M. 

To prove the estimate we let S' > and suppose Ci, C2 G B{^')- Note that we have 
^s[Cj) = ifi7ri/5(u(O,-))(0) and \\u{Q,t)\\H < 2Mo(/3)e^l*l(5'. Taking any 7 G [/3,a), we 
compute 

\\MCi)-MC2)\\x < Afi(7K|l/,(ii(Ci,-))-/5(^i(C2,-))llx. 

< Mi(7Ksup(e-^l*lL(/5,2Mo(/3)e'3|*l<5')|lii(Ci,i)-w(C2,i)lk) 

< 2Mo(/3)Mi(7)c,supe-(T-^)l*lL(/i,2Mo(/3)e'3|*l5')||Ci " C2IU 

t 

Since L{fs,2Mo{0)e^^*^S') is uniformly bounded in t by L{fs) and it approaches zero as S' 
does for f fixed, the asserted estimates follow, and D(j)s{0) = 0. Clearly 4's{0) = 0. We also 
have that (/>5 is globally bounded, since 



IMOWx < Miij)c^ sup \\f5{u)\\x < 3SL{fs)Ahij)c^. 
ueH 



(A.23) 



□ 

On the center manifold, the evolution reduces to a well-posed problem for a semilinear 
problem whose linear part is solved by the C°-semigroup 5*0. 
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Proposition A. 6 (Equation of evolution on the center manifold) Make the same hypotheses 
as in Proposition \A.S^ . Let Fs{w) := nofs{w + (psiw)) for w € Hq. Then for any ( G Hq, 
uo = T^ouiC, •) S Hq is the unique mild solution of 



A^u^it) + F8{u^(t)) {te 



(A.24) 



If C, ^ Ag, then Uq = t:qu{(^, •) G Aq is the unique classical solution for this problem. For 
any T > 0, the map Uq is Lipschitz continuous from Hq to C([— T, T], H). 

Proof. Let ( e Hq. Since Fg is Lipschitz on Hq and Aq is the generator of a C° 



semigroup on Hq, existence and uniqueness of a global mild solu tion of (A.24) is proved in 
a standard way u sing s emigroup the ory 1 13|. By Proposition |A.4| , •) G~ff^is th e un ique 
mild solution of (|A.19|) of the form (|A.2C| ) with 7roM(C, 0) = C- Now by Proposition | 



W(C, t) = 7rou(C, t) + (j)s{7TQu{C, t)). 



Then by projecting ( [A.20| ) on the space Hq we see that 7roM(C, •) S Hq is the unique mild 
solution of (A.24). If ( £ Xq we have that 7rou(C,-) & is the unique classical solution 
of (A.24). That the map C uo is Lipschitz continuous from Hq to C{[—T,T],H) for any 
r > follows in a standard way from the variation of parameters formulation of (A.24). D 



A. 3 Proof of Theorem [A.lj . 



Let S be so small that both M{(3)L{fs) < i and C^L{fs) < i. We take (j)s as given by 



Proposition A. 5. Then cj^g e Cb{HQ,Xi) n Lip(i7o, Ai). Let Ms C A be defined by 



Ms ■.= {^ + M0 -^^M- 



The statements in parts (i) and (ii) of the Theorem follow from Proposition A. 5. 

(iii) Let y = ( + 4>s{C) S -^<5- Then there exists a unique classical solution u = u{(^, •) G 
H^ of the cut-off Eq. ( A.19| ) with 7rou(C, 0) = C- In consequence, (psiC) = t^iu{C,0) and 
then ■u(C, 0) = C + 4'siC) = U- Moreover, u{t) £ Ms for all t g M. In other words, u{t) = 
TrQu{t) + (j)s{'!^ou(t)). Let J be any open interval containing with 7ro(M(J)) C B{S). Then 
for any t £ J, 

\\u{t)\\H < hou{t)\\H + \\<psiTTau{t))\\H < (1 + L{^s))hau{t)\\H < 2S, 
where L{(j)s) denotes the Lipschitz constant of 4>s- Thus fs{u{t)) = f{u{t)) for all t £ J. So 



u is a classical solution of the original Eq. (A.l) in J. 
(iv) Let Uq be a classical solution on R of 



— U0(t) = AQUQ{t) + TTQf{UQ{t) + <j)s{UQ{t))), 

at 

such that UQ{t) £ B{5) n Xq for all t e R. Let C, = uq{Q) £ Xq. Defi ne w by w = mq + (i>s{uQ). 
We want to show that w is a classical solution of the full problem (A.l). Le t m( C, •) £ H^^ be 
the unique classical solution of the cut-off Eq. ( A. 19 ). Then by Proposition A5, u{C,, ■) is the 
fixed point of T(C, •) and 7ri{ t(C, t) = (j)s{TTou{C,,t)). Moreover, 7ro'u(C, ■) satisfies the above 
problem. By Proposition A. 6 we conclude that 7rou(C, •) = uq, and hence •) = w(-). On 
the other hand, 



\\w{t)\\H < ||uo(Olk + \\MMt))\\H < (1 + L{c^s))S < 26. 



This implies that fs(w{t)) = f{w{t)) for all i e R and w is a classical solution of the full 
problem (A.l) on R. 

(v) Let u be a classical solution for the full problem (A.l) such that ||w(t)||^f < 6 for all 
i e K. Then u is also a solution of the cut-off Eq. ( A.19[ ) in . Define uq as UQ{t) — ttquIJ:). 
Then by Proposition A. 5 we conclude that u{t) — uo{t) + (j)s{uo{t)). Since u{t) E X we 
conclude that u{t) € Ms for all t. □ 
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